Abstract. We study the degree 3 cohomological invariants with coefficients in Q/Z(2) of a split reductive group over an arbitrary field. As an application, we compute the group of reductive indecomposable degree 3 invariants of all split simple algebraic groups.
Introduction
Let G be a linear algebraic group over a field F . Consider a functor
G-torsors : Fields F −→ Sets,
where Fields F is the category of field extensions of F , taking a field K to the set of isomorphism classes of G-torsors over Spec K. Let Φ : Fields F −→ Abelian Groups be another functor. According to [7] , a Φ-invariant of G is a morphism of functors I : G-torsors −→ Φ, viewed as functors to Sets. We write Inv(G, Φ) for the group of Φ-invariants of G.
An invariant I ∈ Inv(G, Φ) is called normalized if I(E) = 0 for every trivial G-torsor E. The normalized invariants form a subgroup Inv(G, Φ) norm of Inv(G, H) and
Inv(G, Φ) ≃ Φ(F ) ⊕ Inv(G, Φ) norm .
We will be considering the cohomology functors Φ taking a field K/F to the Galois cohomology H n ( K, Q/Z(j) ) (see Section 3a) and write Inv
The group of degree 3 invariants Inv 3 ( G, Q/Z(2) ) was determined by Rost in the case when G is simply connected (see [7, Part II] ) and for an arbitrary semisimple group in [19] .
The group of degree 3 invariants of algebraic tori was computed in [2] .
In the present papers we consider the case of a split reductive group G, i.e., we generalized the result of [19] in the split case. Our main result is the following theorem (see Theorem 5.1).
Theorem. Let G be a split reductive group, T ⊂ G a split maximal torus, W the Weyl group and C the kernel of the universal cover of the commutator subgroup of G. Then there is an exact sequence
where Dec(G) is the subgroup of decomposable ("obvious") elements in S 2 (T * ) W .
Note that neither of the approaches of [19] nor [2] could be used in the reductive case. Instead, we employ another method of relating theétale motivic cohomology of the classifying spaces of G and of its Borel subgroup B. The difficult part of the proof is the exactness in the term S 2 (T * ) W / Dec(G), i.e., to show that every W -invariant quadratic form (on the dual of T * ) gives rise to an invariant of G of degree 3.
We consider an application in Section 7. We compute the subgroup of reductive invariants of all split (almost) simple groups. The reason we are interested in the reductive invariants is that the group of unramified invariants (an important birational invariant of the classifying space of the group, (see [18] ) belong to the group of reductive invariants [18, (10.1) ]. In some cases, the group of reductive invariants is trivial (for example, case A n−1 , see Section 7), and this allows one to conclude that the group of unramified invariants is also trivial.
We don't impose any characteristic restriction on the base field F . One should be careful since certain motivic cohomology groups of algebraic varieties over an imperfect field are not homotopy invariant.
Preliminary results
2a. K-cohomology and Rost's spectral sequence. Let X be a smooth algebraic variety over F . For any i ≥ 0, let X (i) be the set of point in X of codimension i. Write K d (L) for the Milnor K-group of a field L and A i (X, K d ) for the homology group of the complex (see [21] ) ⨿
In particular,
is the Chow group of classes of algebraic cycles on X of codimension i and A 0 (X,
× is the group of invertible regular functions on X.
Let f : X −→ Y be a flat morphism. For every point y ∈ Y write X y for the fiber X × Y Spec F (y) over y. There is Rost's spectral sequence [21, §8] 
for every n.
2b. K-cohomology of G, G/T and G/B. We will be using the following notation in the paper. Let G be a (connected) split reductive group over a field F , T ⊂ G a split maximal torus,
Λ w the weight lattice of H (the character group of a maximal split torus of H).
The kernel of the natural homomorphism T * → Λ w is isomorphic to Q * and the cokernel -to C * . The smooth projective variety G/B is the flag variety for the simply connected group H. By [7, Part 2, §6] , there is natural isomorphism
This isomorphism extends to a ring homomorphism S * (Λ w ) −→ CH * (G/B), where S * stands for the symmetric ring.
is the induced morphism, the fiber of f over y is the (smooth projective) flag variety J/B over K for the group Aut G (J) over K, which is a twisted form of G K .
In the following proposition we collect known results on the K-cohomology. 
Proof. (1) The natural homomorphism
is an isomorphism. (2) There is a natural complex
The complex is acyclic if the torsor E is trivial.
Proof. By Proposition 2.3(1), it suffices to consider the case D = B.
(1) Rost's spectral sequence (2.1) for the morphism f yields an exact sequence
The fiber X y is a projective homogeneous G-variety over the field F (y). Therefore, the natural homomorphism
(2) Rost's spectral sequence yields a complex
As X y is a projective homogeneous G-variety over F (y), by [15, §3] , the group A 1 (X y , K i ) is canonically identified with a subgroup of
for i ≤ 2. It follows that there is a natural map from Ker(∂) to
This defines the map α.
If E is a trivial torsor, we have X ≃ Y × (G/B). By Proposition 2.3,
Note that the projection of
× coincides with the map α. 
This is independent of the choice of U . Let T ⊂ B be a split maximal torus and a Borel subgroup respectively in a split reductive group G. As in the proof of Proposition 2.3(1), the fibers of the natural morphisms U/T −→ U/B are affine spaces. By the homotopy invariance property,
The next statement follows from the Künneth formula [6, Prop. 3.7] (see [2, Example A.5]).
Proposition 2.6. Let T ⊂ B be a split maximal torus and a Borel subgroup in G, respectively. Then
3. The motivic cohomology of weight ≤ 2 3a. The complexes Q/Z(j). Let X be a smooth variety over F . For every j ∈ Z, the complex Q/Z(j) is defined in the derived category D + Shé t (X) of etale sheaves of abelian groups on X as the direct sum of two complexes. The first complex is given by the locally constantétale sheaf (placed in degree 0) the colimit over n of the Galois modules µ ⊗j n , where µ n is the Galois module of n th roots of unity. The second complex is nontrivial only in the case p = char(F ) > 0 and it is defined via logarithmic de Rham-Witt differentials (see [10, I.5.7] , [11] ). In particular, the p-part of Q/Z(j) is trivial if j < 0.
We write H n (Q/Z(j)) for the Zariski sheaf on X associated with the presheaf
3b. Unramified cohomology. It follows from [2, Propositions A.10 and A.11] that the cohomology groups H n (X, Q/Z(j)) satisfy the purity property (see [3, §2] ). Therefore, for every irreducible smooth projective X, we have
, the group of elements unramified with respect to all discrete valuations of the field F (X) over F (see [3, Proposition 2.1.8] ). This group is a birational invariant of a smooth projective variety. In general, we argue by induction on dim(X). Since the group H
Proposition 3.1. Let X be a smooth projective rational variety. Then the natural homomorphism
Pulling back with respect to the morphism P n−1
by the induction hypothesis. By [2, Lemma A.6], applied to the projection 
By the projective bundle theorem (classical for the p-primary component if
where t is a generator of H 2 (P 1 , Z(1)) = Pic(P 1 ) = Z. As t vanishes over the generic point of P 1 , the result follows.
Let G be a split reductive group and B ⊂ G be a split Borel subgroup.
Proposition 3.2. Let E −→ Y be a G-torsor and f : X = E/B −→ Y the natural morphism. Then theétale sheaf associated with the presheaf
Proof. As the G-torsor f is trivial locally in theétale topology, we may assume that the torsor E is trivial, i.e., f
. The pull-back homomorphism with respect to the morphism (G/B)
since both groups are the subgroups of H n (F (f −1 (Z)), Q/Z(j)). By Proposition 3.1, since G/B is a smooth projective variety,
Finally, theétale sheaf associated with the presheaf
3c. The complexes Z X (j). Let X be a smooth variety over F . We consider the motivic complexes Z X (j) of weight j = 0, 1 and 2 in the category
is defined in [13] and [14] . We use the following notation for theétale motivic cohomology of weight j ≤ 2:
. By [11, Theorem 1.1], we have the following isomorphisms for theétale motivic cohomology of weight 2:
where
We will be using the following proposition proved in [11, Theorem 1.1].
Proposition 3.4. There is a natural exact sequence
for a smooth variety X.
3d. Homology of the complex Z f (2) . Let G be a split reductive algebraic group over F . Choose a maximal split torus T and a Borel subgroup B such that T ⊂ B ⊂ G. Let E −→ Y be a G-torsor with Y a smooth variety and
We write Z f (2) for the cone of the natural morphism
. Thus, we have an exact triangle
We compute the cohomology sheaves H n (Z f (2)) of the complexes Z f (2) for small values of n. 
and there is an exact sequence ofétale sheaves on Y
where N is theétale sheaf on Y associated with the presheaf
Proof. The complex Z(2) is supported in degrees 1 and 2, hence H n (Z f (2)) = 0 if n < 0. The triangle (3.5) yields then an exact sequence
ofétale sheaves on Y and the isomorphisms
By [20, Proposition III.1.13], H n (Z Y (2)) and R n f * (Z X (2)) are theétale sheaves on Y associated with the presheaves
respectively. It follows from (3.3) that H 1 (Z Y (2)) and R 1 f * (Z X (2)) are theétale sheaves on Y associated with the presheaves
respectively. To show that the map s in (3.7) is an isomorphism, we may assume that the torsor E −→ Y is trivial. The variety G/D is rational, hence the natural homomorphism 
respectively.
By Proposition 2.5(1), the morphism t in the sequence (3.7) is an isomorphism. The exactness of (3.7) implies that
Theétale sheaf
It follows from Proposition 2.5(2) that there is a natural isomorphism
To study this sheaf, consider another sheaf M associated with the presheaf
Let z be a generic point of Z and L an algebraic closure of F (z). The fiber
We claim that this morphism is an isomorphism. It suffices to assume that E is trivial over Z, i.e., f
. By Proposition 2.3(2), we have
Note that the projection of CH 2 (X) onto the last direct summand coincides with the map 3e. Motivic cohomology of varieties associated with a torsor.
Theorem 3.8. Let G be a split reductive group over a field F , B a Borel subgroup, E −→ Y a G-torsor with Y smooth connected variety and f : X = E/B −→ Y the induced morphism. Then there are exact sequences of Wmodules
and
Proof. Let D be either T or B and g : E/D −→ Y the induced morphism.
Since H n (Z g (2)) = 0 for n ≤ 2 and
by Proposition 3.6, there is an exact triangle in D + Shé t (Y ):
where τ ≤4 is the truncation functor. It follows that
× . Applying the cohomology functor to the exact triangle 3.10 we get a diagram with the exact rows induced by the morphism E/T −→ E/B:
where 
Y ). By 5-Lemma, α is also injective and
) is isomorphic to the kernel of the W -equivariant composition
It follows that the top row in the diagram is a sequence of W -equivariant homomorphisms. This gives the second exact sequence in the statement of the theorem. Applying the cohomology functor to the exact triangle (3.5) and using (3.3) and (3.9) we get an exact sequence
In the case D = B we get the first exact sequence in the statement of the theorem. Comparing the exact sequences (3.11) for D = T and D = B via the morphism E/T −→ E/G, we get a commutative diagram similar to the one above. We have shown that Let G be a split reductive group over F . Choose a generically free representation V of G such that there is a G-equivariant open subset U ⊂ V with the property codim V (V \ U ) ≥ 3 and a versal G-torsor f : U −→ U/G (see [4, Lemma 9] ). Moreover, we may assume that (U/G)(F ) ̸ = ∅.
Write U n for the product of n copies of U with the diagonal action of G. Let H : SmVar(F ) −→ Ab be a contravariant functor from the category of smooth varieties over F to the category of abelian groups. Then H(U • /G) is a cosimplicial abelian group. We have the two maps
(v). We write H(U/G) bal for the subgroup of balanced elements in H(U/G). In other words, H(U/G)
We write H(X) for the cokernel of the homomorphism H(Spec F ) −→ H(X) for a smooth variety X over F induced by the structure morphism of X.
4b. Cohomology of the classifying space. By [2, Corollary 3.5], the group
is independent of the choice of U and we have an isomorphism
By [19, §3d] , the group H 4,2 (U/G) bal is also independent of the choice of U (we write H 4,2 (BG) := H 4,2 (U/G) bal ) and there is an exact sequence
Theorem 4.3. Let G be a split reductive group over F , T ⊂ G a split maximal torus and C the kernel of the universal cover of the commutator subgroup of G. Then there is an exact sequence
Proof. Applying Theorem 3.8 to the group D = B and the versal G-torsors U n −→ U n /G for all n we get an exact sequence
of W -modules. By Proposition 2.6,
It follows that the cokernel of the first homomorphism in the exact sequence is isomorphic to C * ⊗ F × since C * is the cokernel of the natural homomorphism
Since B is special, every invariant of B is constant. The exact sequence (4.2) for the group B and Proposition 2.6 then yield:
Taking the balanced elements in the exact sequence (4.4) of cosimplicial groups, we get a sequence of homomorphisms of W -modules
where f = f 1 . Note that the sequence is exact by [2, Lemma A.2] since the first term is a constant cosimplicial group.
Note that W acts trivially on H 4,2 (BG). Taking the W -invariant elements and using (4.5) we get an exact sequence
It suffices to show that the last term in the sequence is trivial. The second sequence in Theorem 3.8 reads as follows:
Degree 3 invariants
Let G be a split reductive group over F and T ⊂ G a split maximal torus. We have the following diagram 0
with the exact row and column by (4.2) and Theorem 4.3. Let c 2 :
be the second abstract Chern class taking an element [19, 3c] ). Note that c 2 is not a group homomorphism unless G is semisimple. As in [19] , we prove that the image of γ, denoted Dec(G), is generated by the image of the restriction 
Proof. Everything except the injectivity of the first homomorphisms follows from a diagram chase. Let H be the commutator subgroup of G. By [19, Theorem 4.2] , the composition
is injective. The injectivity of the first homomorphism follows.
By [2, Theorem 2.4], the group of the Brauer invariants of
is isomorphic to Pic(G) = C * . The first homomorphism in the exact sequence in the theorem is given by the cup-product and the image of this homomorphism consists of decomposable invariants (see [19] ).
Write Inv 3 (G, Q/Z(2)) ind for the factor group of Inv 3 (G, Q/Z(2)) norm by the subgroup of decomposable invariants. We have a natural isomorphism
Restriction to the commutator subgroup
Let G be a split reductive group and H its commutator subgroup. We shall study the restriction homomorphism
Consider the polar homomorphism pol :
where Λ r is the root lattice.
By [18, §9] , the embedding of Λ r into Λ w factors as follows:
Let α be the composition
Let S be a split maximal torus of H contained in T . The character group S * is the image of τ . We have a commutative diagram
Note that the kernel of the homomorphism
, the homomorphism β is injective. Therefore, we have the following commutative key diagram
with vertical exact sequences, where C * = Λ w /S * is the character group of the kernel C of a universal cover H −→ H. The diagram chase yields a homomorphism
and only if pol(u) belongs to the image of (S
Proof. Let X be the kernel of the natural homomorphism S 2 (T * ) −→ S 2 (S * ). We have the following commutative diagram with exact rows
where the middle row is the composition of pol :
and an exact sequence 
with the exact rows is injective. The result follows by diagram chase.
The following statement is a consequence of Lemma 6.2 and the key diagram chase.
Proposition 6.3. The sequence
The first homomorphism in the proposition takes Dec(G) surjectively onto 
is exact.
Corollary 6.5. If H is either simply connected of adjoint, then the restriction homomorphism Inv
W is surjective, hence θ is zero by Proposition 6.3.
Reductive invariants
Let H be a split semisimple group and G a strict reductive envelope of H (see [18, §10] ), i.e, H is the commutator subgroup of the reductive group G and the (scheme-theoretic) center of G is a torus. By [18, §10] , the restriction map Inv
is injective and its image Inv 3 (H, Q/Z(2)) red is independent of the choice of G. This is the subgroup of reductive indecomposable invariants of H.
By [7] , the group S 2 (Λ w ) W is free abelian with canonical basis q j indexed by the set of irreducible components of the Dynkin diagram of G.
We write α ij ∈ Λ r for the simple roots of the j th component of the root system of H and w ij ∈ Λ w for the corresponding fundamental weights. Let d ij be the square of the length of the co-root (α ij ) ∨ . Proof. By construction, the composition of θ in (6.1) with the injective map
As G is strict, Λ r is a direct summand of T * , hence the last map in the sequence is injective. Therefore, the sequence
It follows from Theorem 6.4 that I is reductive indecomposable if and only if q belongs to the kernel of θ ′ . By [18, §10] , the polar form of q j is equal to
Since the roots α ij form a Z-basis for Λ r , q belongs to the kernel of θ ′ if and only if the order of w ij in C * divides d ij k j for all i and j. Case A n−1 : Let H be a split simple group of type A n−1 , i.e., H = SL n /µ m for some m dividing n. We claim that Inv 3 (H, Q/Z(2)) red = 0. It is sufficient to show that the p-primary component is trivial for every prime p. Let r be the largest power of p dividing m. Note that the group GL n /µ m is a strict envelope of H and the kernel of the natural homomorphism GL n /µ r → GL n /µ m is finite of degree prime to p. It follows from [18, Proposition 7 .1] that the pprimary components of the groups of degree 3 invariants of H and SL n /µ r are isomorphic. Replacing m by r we may assume that m is a p-power.
Let q be the canonical generator of S 2 (S * ) W . It is proved in [1, Theorem 4.1] that if Inv 3 (H, Q/Z(2)) norm is nonzero, then mq ∈ Dec(H). On the other hand, by Proposition 7.1, if I is a reductive indecomposable invariant of H corresponding to a multiple kq of q, then k divides the order of the first fundamental weight in C * = Z/mZ. The latter is equal to m, i.e., m divides k, hence kq ∈ Dec(H) and therefore, the invariant I is trivial. for the split adjoint simple group H of type D n when n is divisible by 4, is isomorphic to 2Zq/4Zq. Therefore, in this case the pull-back homomorphism Inv 3 (H, Q/Z(2)) red −→ Inv 3 (H, Q/Z(2)) red is an isomorphism. In particular, the value of a reductive degree 3 invariant of the half-spin group H at an Htorsor depends only on the corresponding central simple algebra of degree 2n with a quadratic pair (see [12] ).
